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Abstract

The problem of reconstructing finite subsets of the integer lattice from X-rays has
been studied in discrete mathematics and applied in several fields like data security,
electron microscopy, medical imaging. In this paper we focus on the stability of the
reconstruction problem for some special lattice sets. First we prove that if the sets
are additive, then a stability result holds for very small errors. Then, we study the
stability of reconstructing convex sets from both an experimental and a theoretical
point of view. Numerical experiments are conducted by using linear programming
and they support the conjecture that convex sets are additive with respect to a
set of suitable directions. Consequently the reconstruction problem is stable. The
theoretical investigation provides a stability result for convex lattice sets. This result
permits to address the problem proposed by Hammer in [17].

Key words: Discrete Tomography, Stability, Linear Programming, Additivity,
Convexity

1 Introduction

A lattice set is a non-empty finite subset of the integer lattice Z2. A directing
vector in Z? \ {0} is called a lattice direction, and the X-ray of a lattice set
E in a lattice direction p is the function X,E giving the number of points
in F on each line parallel to this direction. Discrete Tomography is the area
of mathematics and computer science that deals with the inverse problem of
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reconstructing lattice sets from a finite set of X-rays. An overview on this
subject highlighting the applications, the mathematical foundations, and the
algorithms in Discrete Tomography is provided by the book [19].

In this paper we focus on the stability of the reconstruction problem. In lit-
erature there are few papers -that we will mention below- on this topic and a
PhD thesis [1].

Informally, a problem is stable if a small perturbation of the data leads to
a small change in the solution. Therefore, the stability problem is of main
importance in practical applications where the X-rays are possibly affected by
errors. For instance, in electron microscopy, techniques that enable to count
the number of atoms lying in a line up to an error of £1 are known [15].
So, in case of instability, the reconstructed set can be quite different from
the original one even if the error on the data is small. In general there exist
more than one lattice set with given X-rays (corresponding to a null error
on the data), so called tomographically equivalent, and it can be proved in a
constructive way that whenever the number of X-rays is more than two there
does not exist any integer [ such that an arbitrary lattice set differs from
any tomographically equivalent one by at most [ points [18]. Therefore the
requirement of uniqueness is the minimal one. In [2,1] the authors provide a
modification of a generalization of the construction in [18] and show that there
exist two disjoint sets uniquely determined by their X-rays when the X-rays
differ by a certain quantity.

In Remark 6 we show that to obtain a stability result even with a very small
error on the data the requirement of uniqueness for the sets is not enough.
To this goal, we shall consider the reconstruction of lattice sets with some
additional constraints.

In Section 3 we treat the stability of reconstructing additive sets. This class of
sets was first introduced by Fishburn et al. in [11]. Here we just recall to the
reader that additivity implies uniqueness, whereas the converse is not true.
Additionally, the notion of additivity should be regarded as a property of the
solutions of the linear program associated to the reconstruction problem. We
prove that if the sets are additive, then a stability result holds (Proposition
7). This result permits to use linear programming to solve the reconstruction
problem in a computationally efficient and effective way.

In Section 4 we study the stability of reconstructing convex lattice sets from
both an experimental and a theoretical point of view. In the former, we use
linear programming to deal with this problem. Experimental results suggest
the conjecture that for the set of directions {x, y, 2x+y, —z+2y}, convex lattice
sets are additive. This would imply that the results of Section 3 may hold to
convex lattice sets. Such a stability result is in agreement with the continuous



case where the reconstruction problem for convex bodies is well-posed (]25]). In
the latter, the theoretical result (Proposition 18) confirms stability for convex
lattice sets by exploiting the result in [25]. We use this result to address the
problem proposed by Hammer in [17] concerning the reconstruction of any
convex body from its (continuous) X-rays. More precisely we prove that a
convex body is arbitrarily close to a convex lattice set whose X-rays are close
enough to the X-rays of the convex body (see Proposition 20). In other words,
this means that we can reconstruct a convex body from its discrete X-rays, if
we admit a resolution and a X-ray error (due to the discretization) as small
as wanted.

These results justify the use of Discrete Tomography algorithms to reconstruct
continuous convex shapes from a few X-ray images. For example, we mention
the reconstruction of the section of coronary arteries, supposed to be convex,
from X-ray angiograms as an application. Among other studies in this direction
we mention [22] where the authors propose an algorithm that approximates
the convex body by a sequence of discrete objects reconstructed from X-rays.

2 The Problem

In this paper, every direction is supposed to be rational and is described by
two coprime integers a and b such that any line parallel to p has an equation
ar + by = const. In the following we will confound the direction p with the
function (x,y) — ax + by, and so two points A and B are on a line parallel to
pif p(A) = p(B). Let p = ax + by and ¢ = cx + dy be such that ged(a,b) =1,
ged(e,d) = 1; then det(p, q) = |ad — be|. If S is a lattice set, then the X-ray
of S in the direction p is the function X,S : Z — N defined by X,S(k) =
card{A € S: p(A) = k}.

The reconstruction problem is the task of determining any lattice set having
the given X-rays. Stability concerns how sensitive is the problem to noisy data.
Hence one can ask whether to small perturbations of the data correspond
solutions that are close. To study the problem we define a measure for the
error on the X-rays and one for the distance of two solutions. Let D be a set
of m prescribed lattice directions with m > 2 and E, F' be lattice sets. The
distance between the X-rays of E and those of F' is defined by

DXp(E, F) = max 3" |X,E(k) — X,F(k)|.

PeD ez
The distance between two sets is defined by:

card(EAF) = card((E \ F) U (F \ E)).



The formulation of the problem that we consider is the following:

Problem 1 Let E be known. Determine F' mazimizing card(EAF), with the
constraint that DXp(E, F) is given.

Let us introduce some definitions that we need in the following.

Definition 2 A lattice set E is additive with respect to D, or D-additive, if
there is a function e which gives a value e, (k) for each line p = k parallel to
a direction p of D such that for all A in Z2:

A€ Eif and only if Y ey(p(A)) > 0.

peD

This definition introduced by Fishburn et al. can be better understood with
linear programming: a lattice set F is additive if it is the unique solution of
the linear programming problem which looks for a fuzzy set which has the
same X-rays than E.

Definition 3 A lattice set E is unique with respect to D, or D-unique, if
F C 7% and X,E = X,F for any p € D imply E = F.

There is an intimate relationship between these two definitions: every D-
additive set is D-unique and the converse is true if m = 2 (see[11]).

As a last remark we recall that a p-line does not always intersect a ¢-line:
indeed Z? can be split in det(p, q) pg-lattice such that in each pg-lattice a
p-line intersects with any ¢-line. Precisely a pg-lattice has the form:

LM ={AeZ® : p(A) =i (mod det(p,q)) and q(A) = xi (mod det(p,q))}
where x only depends on the directions p and ¢ (see for example [8]). Moreover

we denote by (7, ),, the point A such that p(A) = ¢ and ¢(A) = j. Notice
that this point is in Z? only if p = i and ¢ = j are in the same pg-lattice.

3 Stability for Additive Sets

In this section we study the stability of reconstructing D-additive sets. We
begin to study Problem 1 with £ and F verifying the constraint:
DXp(E,F) < 1.

In the first two lemmas additivity is not required.



The condition DXp(FE, F) < 1 permits the X-rays of the two sets to differ by
one in at most a line for each direction. Then, p € D and at most an integer &,
exists such that | X,E(k,) — X, F(k,)| = 1 and X,E(k) = X, F(k) for k # k,.

Lemma 4 If DXp(E,F) < 1, p € D, and an integer k, exists such that
| X,E(ky) — X,F(ky)| = 1, then for every g € D there is an integer k, such
that | X,F(k,) — X, E(ky)| =1 and (kp, ky)p, € Z*.

PROOF. Let L be the pg-lattice containing the line p = k,,, or equivalently
k, € p(LY?) with p(LY") = {p(M) : M € L} = {i + det(p,q)k : k € Z}.
Suppose that X, F'(k,) — X,E(k,) = +1. Thus, we have that

Yo XFk)=1+ > X,E(k).

kep(LY?) kep(LY9)

Since Y-, X, F(k) = card(F) and Y, X, E(k) = card(E), for every r € D, the
previous identity leads to the following

Yo X Fk)=14+ > X.E(k),

keq(LP) keq(LP)

for all ¢ in D. From this, the thesis easily follows. O

In the next lemma we show that all the lines with error 1 have a common point
and this point is in Z?. In the following, we assume that card(F') > card(F)
and for any p € D the integer k), is as in the previous lemma.

Lemma 5 If DXp(E, F) =1, then a point W € Z? exists such that

X,F(k) = X,E(k) + 1, if k = p(W)
X, F(k) = X,E(k), otherwise

for all the directions p in D.

PROOF. Let p,q and r be directions in D and suppose that A = (kp, kq) pq,
B = (ky, k)pr, C = (kg, ky)qr are three distinct points. Let a,b be such that
r = ap + bg. Thus, summing up we can write:

Yor(M)=a p(M)+b Y q(M)

McF MeF MeF

and by grouping line by line we obtain:

Y kX, F(k) =ad kX,F(k)+b> kX F(k).



We can exhibit the corresponding identity for the set E. As a result of the
difference of these two identities we obtain that k, = ak, + bk, and so r(A) =
r(B) = r(C). Thus, the three points A, B and C coincide and the claim is
proved. O

Remark 6 Given any three lattice directions we can construct two sets E, F
in such a way that they are (non-additive) sets of uniqueness. (For proving
this we refer the reader to [11]). Figure 1, already published in [11], illustrates
two such sets verifying the constraint DXp(E, F) = 1.

y = 49

o FE
e F

ZD

z=0 r =70

Fig. 1. E and F are non-additive sets of uniqueness such that DXp(FE, F) =1 and
ENF=0.

Since uniqueness is not sufficient to have stable solutions for the reconstruction
problem, we suppose that E and F are D-additive, that is £ = {A € Z* :
e(A) >0} and F={A€Z*: f(A) > 0}.

Proposition 7 Let E and F be D-additive lattice sets. If DXp(E,F) = 1,
then card(EAF) = 1.

PROOF. Let W be as in Lemma 5. At first suppose that W ¢ E and let
E’ = EU{W}. For each direction p in D we have that X,E’ = X, F. Finally,
since additivity of F' implies uniqueness of F', we conclude that F = EU{W}.
On the contrary, if W € E we study the following:

Pp= Y > ep(A)(1e(A) - 1p(A)).

A€eZ? peD



Rewriting it as

> 2 eP(A)(1p(A) = 1r(A) + 3 > ep(p(4))(16(4) — 1r(A)),

AeFE peD A¢E peD

we notice that &5 > 0, because the additivity of E implies that if A is in FE,
then e¢(A) > 0 and 1g(A) = 1 holds, and otherwise e(A) < 0 and 1g(A) = 0.
We can also explicit the terms X, E' and X, F'in ®g so obtaining that

p = Z Z ep(k)(XpE(k)_XpF(k>>+Z ep(p(W))(XpE(p(W))—XpF(p(W)))

k#p(W) peD peD

that is strictly less than zero. O

Remark 8 Let us notice that in the proof, additivity for F' and just uniqueness
for E are needed.

If we consider the case where the error is larger than 1, we have instability even
when the error is just equal to 2, if the number of lattice directions is larger
than 2. More in detail, the instability follows from the result of [2, Theorem
1] because the sets constructed in the proof of [2] are actually D-additive.
Therefore we can restate it as follows:

Proposition 9 (see [2]) For any n and a set D of m > 3 directions there
erist E and F D-additive such that card(F) = card(F) > n, DXp(E, F) =2
and ENF =10.

4 Stability for Convex Sets

In this section we study Problem 1 for convex lattice sets from both an exper-
imental and a theoretical point of view.

Any convez lattice set is the intersection of a convex polygon and the integer
lattice Z2. The definition of convex lattice set pass through that of convex
polygon, and this can be used to determine results for the discrete case from
the continuous case. In this way, convex lattice sets are uniquely determined
by their X-rays taken in suitable sets of directions [12], and these sets of
directions distinguish convex bodies [14]. So in R? an analogous result holds,
and additionally the reconstruction problem is stable [25]. Moreover we notice
that there is a connection between additive sets and convex lattice sets, since
an euclidean ball is additive with respect to two orthogonal directions ([10]).
Experiments support the conjecture that convex lattice sets are additive for a
suitable set of directions, and indeed they accord to Proposition 7.

In the second part, we conduct a theoretical study that confirms stability for
convex lattice sets.



4.1  FExperimental results

In this section we experimentally study the stability of the reconstruction
of convex lattice sets via linear programming. Our experiments support the
suspect that the results in the continuous have a correspondence in Z2.

For generating our test data, we consider in this section a class of lattice sets
which is more general than the convex lattice sets [6].

For each point A = (x4,y4) € Z? the four quadrants around A are defined by
the following formulas:

RO(A) = {(I,y) S Z2 /ZL’ < x4 and y < yA},
Ry(A) ={(z,y) € Z* | x > wq and y < ya},
R2(A) = {(I,y) €z’ /ZL’ > x4 and y > yA},
R3(A) ={(z,y) €Z® | x < x4 and y > ya}.

Definition 10 A lattice set F is Q-convex if and only if for each A & E there
exists i € {0,1,2,3} such that R;(A)NE = .

An example of Q-convex lattice set is given on the left part of Figure 2.

We generated 184 QQ-convex lattice sets of semi-perimeter from 4 to 370 using
an uniform generator ([5], inspired from [20]). Then we computed their X-rays
in the set of directions D = {z,y, 2z+y, —x+2y}. (These directions have been
chosen because the X-rays along them uniquely determine the convex lattice
sets ([12]) and they contain the horizontal and vertical directions). Given the
generated set E, and its X-rays, we solved the following linear program with
the software soplex which implements the simplex algorithm ([26]) for any
error on the X-rays er € {0,1,2,3} given in input:

Maximizing

> A—wig)+ > vy (1)
(i.9)eE (5)¢E
such that
> v =X,E(k)+ er;k —er,; (2)
p(i,4)=k
doerfter, <er (3)
k

0<wv,; <1, ery;>0,er,;, >0 (4)

A variable v; ; is associated to the point (7,7), and constraints (2) and (3)
ensure that the error on the X-rays is < er. Notice that, because of the objec-
tive function, solving this problem with v; ; € Z would permit to exactly find



E Uz',j

Fig. 2. A Q-convex lattice set FE and the corresponding extremal val-
ues of w;; for er = 3. In this case we have card(£) = 200 and

Z(Z’])GE(]' B Uivj) + Z(i’j)eEc Vi = 33.7.

the maximum of card(EAF') where F' describes all the lattice sets such that
DXp(E,F) < er. Indeed if v;; = 1, then (7, j) belongs to any set F. Unfor-
tunately, integer-linear-program is an NIP-hard problem, and hence we solved
the relazed problem where the unknown variables can be fractional: this com-
putation provides an upper bound to card(EAF). Figure 2 illustrates (on the
right side-hand) a solution of the linear programming for card(£) = 200 and
er = 3. The different grey-scale colors of the squares correspond to different
values of v; ;.

The complete results are summarized in Figures 3 and 4. In Figure 3 the up-
per bound to card(EAF) is divided by card(F), so that each value gives an
upper bound to the relative distance from a given set. Moreover the black
squares show the values of the maximum of the quantity (1) when the con-
straints (2),(3) are replaced by X,E(k) — 1 < 3, ij=kVij < XpE(k) +

1: these values give an upper bound to card(EAF) when DXL(E,F) =
max,ep Maxyez | X, E(k) — X, F (k)| = 1.

Here we report on the experimental results.

o If DXp(E,F) =0, then we always found a null relative distance. In other
words, according to our experiments every Q-convex lattice set is D-additive.
In fact this property was first conjectured by L. Thorens ([24]) (with addi-
tivity replaced by uniqueness), and can be seen as a variant of Conjecture
4.6 of [3] and Theorem 5.7 of [12]. We can set out the conjecture as follows:
Conjecture 11 If D is a set of directions which contains {x,y}, such that
all the directions are not in the same quadrant and they uniquely determine
the convex lattice sets, then every (Q)-convex lattice set is D-additive.



1.8 T T T T T T T

DX(EF)=0 -+
DX(EF)=1 x
16k ] DX(EF)=2 *
- DX(EF)=3 ©
. DX(EF)=1 =
14 " n B
" [ ]
"
1.2 ™ i
n
z | : |
:i-J I " "
x i
0 M
g n " - n
L ] . 1
=" ] - u ]
) v o " - :' " . T
n n
.}?]D;E L L . - - llI g1 n
o XD i =8 L L T . . i
0B %ty %
% X
i%%?%j%& %%%@% WRRE ol TR o A WA R N W% §

2000 4000 6000 8000 10000 12000 14000 16000 18000
[El

card(EAF)
card(F)

of the 184 generated sets have been represented for readability)

Fig. 3. An upper bound to for the Q-convex generated sets. (Only 40 %

Notice that the property about the quadrants is necessary because there
is a counter-example with D = {z,y,x + vy, + 5y}.
o If DXp(E,F) = er, the relative distance looks to converge to zero as

card(E) grows. If we divide by /card(E) instead of card(E), this ratio

seems to be bounded so that in average card(EAF) = O(y/card(E)) ac-
cording to our experiments ( see Figure 4). It must be noticed that when
er = 1, the maximum distance of any two sets is always 1 for the generated
cases according to the result of Proposition 7. Since the theoretical result
holds for additive sets, the experiments could be interpreted as a further
evidence of the conjecture.

o If DX, (E, F) =1, then the relative distance does not seem to converge to
zero, but the computed values are only upper bounds, that is, we do not
know if the fractional values mirror instability or they are just an artifact
introduced by relaxing the integral constraints of the problem.

4.2 Theoretical results

In this section we first exploit a stability result for convex bodies [25] to deal
with the corresponding problem for convex lattice sets and then we use this
result to show that it is possible, at least theoretically, to reconstruct convex
bodies from X-rays, by means of Discrete Tomography.

10
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4.2.1 Preliminaries

A conver body is a compact convex subset of R? with non-empty interior. We
denote the set of all the convex bodies by X,. The X-ray X,U of the convex
body U in direction p is the function giving the length of each chord of U
parallel to p. More precisely X,U(a) is the length of the intersection of U
with the line p = a. The Steiner symmetral S,(U) of U in direction p is the
closure of the union of all open segments on lines parallel to p of the same
length as X,U centered about a fixed line orthogonal to p. So the Steiner
symmetral S,(U) and the X-ray X,U contains exactly the same information.

Definition 12 A set of directions D is a Gardner-McMullen set of directions
if any convex body is characterized by all its X-rays in the directions of D.

We recall a result of [13, Proposition 6.1, Theorem 4.5]:

Theorem 13 (Gardner-Gritzmann) A set D = {p1, p2, p3, pa} of four lat-
tice directions is a Gardner-McMullen set of directions if and only if the cross-
ratio of the directions arranged in order of increasing angle with the positive
z-axis is not in {3, 5,2,3,4}.

Example 14 This theorem implies that the set D = {x,y,2x + y, —x + 2y}
1s a Gardner-Gritzmann set of directions.

11



In the following we suppose that D = {p1, p2, p3, p4} is a Gardner-McMullen
set of four directions. So the mapping p1 : K, +— (S,,(U), Sp, (U), Sps (U), Spu (U))

is injective.
Let X, be endowed with Nikodym’s distance:
Ay (U, V) =m(UAV),

where m(U) denotes the Lebesgue measure on R?. Now are we in place to
state the stability result for convex bodies (see Theorem of [25, section 3.1]):

if K, is endowed with the topology induced by the Nikodym’s distance, | is
continuous and continuously invertible from p(X,).

We shall reformulate this theorem. Consider the map op : U — (X, U)pep; if
D is a Gardner-McMullen set of direction, then op(U) is injective. Let Xp be
the range of op. We endow Xp with the following distance:

[ )=l

where (f,)pep; (9p)pep are in Xp, a, and b, are defined by p(x,y) = a,x + byy.
(Notice that each integral in the definition of this distance corresponds exactly
to the Nikodym distance if X-rays are considered as Steiner symmetral.) We
also use the notation dy, (U, V) = dx(op(U),op(V)).

dx((fp)pED, (gp)pE'D) = Iz?eaDX

The theorem of [25, section 3.1] can be rewritten as follows:

Theorem 15 (Voléic) Let D be a Gardner-McMullen set of four lattice di-
rections the inverse o' of the function op is a continuous function from Xp

to K..

For any bounded set £ C R? we define Ryax(E) = maxyep || M| where || || is
the euclidean norm. The set K! = {U € K, : Ruax(U) < 1 and m(U) > ¢}
is a compact subset of K,; it follows that op(X!) is a compact subset of Xp
and so the function o' restricted to op(X!) is uniformly continuous. So we
can give a more precise formulation of the previous theorem:

Corollary 16 Let D be a Gardner-McMullen set of four lattice directions.
For any € > 0 there exists n > 0 such that any U,V € K satisfy:

dy, (U, V) <n=dy(U,V) <e.

12



4.2.2 A stability result for convez lattice sets

In this section D is a Gardner-McMullen set of four lattice directions. Since a
Gardner-McMullen set of lattice directions uniquely determines convex lattice
sets [12], we use the result enunciated in Corollary 16 to get a stability result
for convex lattice sets.

At first we need a lemma which is a direct consequence of Pick’s theorem
([23,16]). We recall that a lattice polygon is a polygon whose vertices are in Z2,
and a simple polygon is a polygon whose edges have a non-empty intersection
only if they are consecutive.

Lemma 17 If P C R? is simple lattice polygon which is not a segment, then
card(P NZ?) < 2m(P) + 2.

As both the distance of two lattice sets, card(EAF'), and the distance of the
corresponding X-rays, DX (E, F'), have integer values, making these quanti-

ties tend to zero has no sense, and hence, to apply Corollary 16, the relative

distances (] Rijgizx L and T le::((g Q‘ax L will be used. The fol-
lowing proposition gives an upper bound to the relative distance of two lattice
sets depending on the relative distance of their X-rays. More precisely, the
relative distance of two lattice sets is smaller than a multiple of the inverse of
a quantity expressing the maximum size of the sets into consideration plus a
quantity which can be arbitrarily small, if the relative distance of the X-rays

is small enough.

We suppose that each direction p of D has the form p((z,y)) = a,z + b,y with
a,, b, integer.

Proposition 18 Foranye > 0 and K > 1, there existn > 0, M > 0 such that
any lattice convex non—segment sets E and F such that ( card(FE) card(F)

Rmax(E))?? (Rmax(F))* =
g, Rma.x(E)yRmax(F) Z M S Rmax( ) < K SCLtZSfy

Rmax (F)
DX (E,F) SN
(max(Ruax(E), R (F)))2
card(EAF) ey 17
(maxX(Ruax(E), R (F)))? X (R (E), R (F)

PROOF. We define . = Let n. given by Corollary 16 applied to .. We

take M such that & S ’7;, (KM)2 <e.and M > 8. So we suppose that £ and

I are sets which satlsfy the conditions of the proposition.

Let us consider the number N = max(Ryax(E), Rmax(F)) and the sets E. =

13



~conv(E), F, = x-conv(F).
The sets E, and F, are convex polygons of R?, and since they are not segments,
E. and F, are convex bodies. Additionally, they are simple lattice polygons
being their vertices in (Z/N)2. By Lemma 17 applied to P = N - E,. we have

m(E,) > w5 (29E) 1), So:

m(E,) > %(car(;(E) 1
S card(E) 1
- Q(Kanax(fl7))2 (K Rumax (E))?

> _
= oK?  (KM)?
2250_50250

Similarly m(F,) > .. So E., F. € K!.

Now we suppose that % < n with n = % and we estimate dx, (E., F¢).

We have that:

XpE(n) —1 n X,E(n)+1
< _
N XPEC(N) —= N
X,F(n) -1 n X, F(n)+1
< _
N XPFC(N> = N
so that
n n X,E(n) — X,F(n)| +2
‘XpEc(N) — XpFC(N)‘ < [ XpE(n) Np (n)] ‘
Since
alV aN aN aN
| XpEe(a) = XpFo(a)] < maX(’XpEc(%)—XpFC( ! I J ), 1X,E( ] - | )X, F( [aN] )
we get
[Ny/aZ+b2 |
+o00 B
L/\&MM—&MWMS% 3 Wﬁw<?ﬂw+z

- n=[—N\/aZ+b2]
2

2(2N\fa2 + B2 + 1)

N2

S X,E(n) — X,F(n)| +

n=—oo

14



Finally, a, and b, are integer and, so /a2 + b2 > 1, and we conclude that

2 6
oy (Ee, Fo) < 55 DX (E, F) +

By Corollary 16 we have that dy(E,, F.) < e. <

The symmetric difference E,AF, is the union of components of E. \ F, and of
F\E,. Let C; denotes the closure of the jth component and E.AF, = U;?:le.

Each component C; is a simple polygon (S1A1A42A5... Ap S2B1Bs ... Byy,)
where Ay, ... A, and By,...DB,,, are consecutive vertices of F. and F, re-
spectively, and S7, S5 are intersections of an edge of E,. with an edge of F,. The
component C; contains at least one vertex of E. or one of Fi. so my +mgy > 0.

For each j we define the lattice polygon C as follows:

e If my = 0 or my = 0 then O} is conv(C; N (Z/N)?). (In this case Cj is
convex.)

e If m; >0 and my > 0 then C7 is the union of the three following polygons:
- conv((S141B1) N (Z/N)?)
- the lattice polygon (A1As... A, B1By. .. Bp,)
- conv((So A, Bm,) N (Z/N)?)

This polygon C7 is included in C}; and is a simple polygon whose vertices are all
in (Z/N)?, so if it is not a segment, by Lemma 17 we have card(C;N(Z/N)?) =
card(C} N (Z/N)?) < 2m(Cj) + 2 < 2m(Cj) + 2.

Let [ be the number of C’ components that are not a segment and
k
S = > card(C} N (Z/N)?).

Jj=1
Cj is a segment

So we have (see also Figure 5):

card(EAF) = i card(C; N (Z/N)?)

j=1
k k
< > 2m(Cy) +2) + > card(C} N (Z/N)?)
Cj is nz)t:;egment Cj is ;:selgment

§2dN(EcaFc)+2l+S

15



Cy Ce

Fig. 5. The components C; and C! of the symmetrical difference of two lattice convex
polygons E. and F,. Only the points Sk, Ax, By, of the component C; are annotated.
The sets C%, Cf, C%, C§ contain only one point and C§ is a segment.

The vertices of F. and F,. are in (Z/N)? N [—1,1]* so the polygons E. and
F, have less than 4(2N + 1) vertices whose coordinates multiplied by N are
in the square [N, N]?> N Z2. We deduce that [ + S < 4(2N + 1) and so
2l + S < 8(2N + 1). Moreover dy(E., F,) < § so card(EAF) < eN? +
8(2N + 1) = eN? + 16N + 8. We have supposed that N > M > 8 so finally

card(EAF) < eN? + 17N.

O

This upper bound overestimates the symmetric difference because we actually
count also points of the border of E. N F..

4.2.83  Reconstruction of a convex body from noisy discrete X-rays

In this section we always suppose that D is a Gardner-McMullen set of direc-
tions. If F' is a convex body then we know that it is completely determined
by its continuous X-rays in D. The aim of this section is to show that it is
possible, in theory, to reconstruct F' by using Discrete Tomography.

Let us fix an integer n, and let E,, an approximation of F' to the resolution %
But as we do not know F', the only assertions about E,, concerns the distance
of the discrete X-rays of E,, and the continuous X-rays of F. Proposition 20
claims that assertions which only consider the X-rays of F, exist such that

the set E, converges, in a certain sense, to ' when n tends to infinity.

We start with an easy lemma which will be useful in the following:

16



Lemma 19 If E is any bounded subset of R? and p,p’ are two directions then

/ /
‘a1|7 |O‘2‘7 |O‘,1‘7 ‘a?|) < Rmax(E)
722 72 e 2

< max([[ (e, &)y I, (e, @by, vz, @ty I, [Hcr2, al)ppr )

max(

where ay = inf,epp(2), g = sup,cpp(2), o) =inf,cpp'(2), af =sup,cpp'(2).

Proposition 20 Let F be a convexr body, and (E,)nen a Sequence of non-
segment convex lattice sets such that for each p € D there hold:

%max{k: €7 ¢ X,E(k) £0} — sup{a €R : X,F(a) 0}  (5)

%min{k €Z : XpEu (k) #0} — inf{fa € R : X, F(a) # 0} (6)

X, En (k) k

—maXZ|T—XpF( ) — 0 (7)

n n—oo

then )
ﬁcard(EnA(nF NZ*) — 0.

n—oo

PROOF. Let (F),)nen be the sequence of convex lattice sets, defined by F),, =
nFNZ?2. To prove this proposition we are going to show that an integer N exists
such that for n > N the sets E, and F,, verify the conditions of Proposition
18. The thesis follows by applying the proposition.

At first we derive some conditions we need to our goal.

Since %(QF") — m(F) and R“‘a"f(F") — Ryax(F), it follows that

n—oo n—oo

card(F,) m(F)

e s e s (), (8)
(Rimax (£))? 700 (Rmax(F))?
We have X, F,(k)—1 k X, F,(k)+1
pn()_ SXpF(_>§ pn()+ 7
n n n
and, hence by condition (7)
1

As a consequence of this and | card(E,,) —card(F,) | < DX (E,, F,,), we obtain
that card(En)—Qcard(Fn) 0.

n n—00
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We choose arbitrarily two directions p,p’ of D. Let oy = min,ep p(z), ag =
max,erp(2), &f = min,cpp'(2), o = max,cpp/'(z). By Lemma 19 applied
to E,, the conditions (5),(6) and the continuity of the function (a,a’) —
(o, @)y, there exists an integer Ny such that for n > N; we have: M; <

e () - 1 laa| Jaz| loyl lag)
w e < My with ]‘/41 = 3 max( o ol T ||z;'2||> and ,
3" = 2max(ll (s, 2y, 101, @ s 1 (12, ), 23, @4} ) Thss, by

this and the previous deduction, we get

card(E,,) card(E,,) . m(F)
(R BV = (002 5% (V)2

> 0. (10)

Moreover, an integer Ny > N; exists such that for n > N, there holds:
M, < Rmax (En) < _2My
2Rmax(F) - Rmax(Fn) - Rmax(F)'

Now we are going to use these properties to show that we can apply Proposi-
tion 18 to F,, and F;,. To prove the thesis, we have to find, for any ¢ > 0, an N

such that S card(E,A(nFNZ?)) < eforn > N.Let K = max( ij(QF)’ QR“Z‘\Z(F))

. Without loss of generality let us suppose that 0 < &’ <

and & = R R ()
m(F) m(F)
2(Rmax(F))?7 2(M2)%"

e We have that % < g:i’)‘(((?:)) < K for n > N,.

e By the conditions (8) and (10) there exists an integer N3 such that for

card(En) card(Fy) . m(F) m(F)
n > N3 we have R (B (R (FL))? > mln(z(Rmx(F))27 2(MQ)Q) > ¢’. Hence
card(En) card(Fr)

(Ronax (B2 (R (Fr)? 2 € fOr 10> N3

e For any fixed M > 0 there exists an integer N4 such that for n > Ny we
have Rpax(Fr) > M and Ry (F,) > M.

e For any fixed n > 0, by property (9), an integer Nj exists such that
LDX(E,, F,) < n(fmexF))2 for n > Nj.

2K
Rmax (Fn) > Rmax(F
n - 2

e There exists an integer Ng such that ) for n > Ng.

Now we suppose that n > N = max(Ns, N3, Ny, N5, Ng). Then the sets F,
and F,, satisfy the conditions of Proposition 18 (with ¢’ instead of & and 1 and
M chosen as in the proposition).

Therefore we have:

DX(E,, F,) N
(maX(Rmax(En)a Rmax(Fn)>)2 !
card(E,AF,) S 17 . (11)
(max(Rumax(En ), Rax(F)))? max(Ruax(En), Bmax(Fn))

By the definition of F,, F,, C nF and s0 Ruyax(F,) < nRpax(F). More-
over, Ruyax(En) < KRpax(F). It follows that max(Ruax(En), Rmax(Fr)) <

18



KRpyax(Fp) < KnRpax(F), since K > 1.

We have Rmax(En) > Rm%(Fn) and by definition of N67 RmaX(Fn) > RmaTX(F), SO

Rmax (Fn) anax(F) DX(En,Fn)
maX(Rmax(En>7 RmaX(Fn>>> 2 K Z 2K ) Then (max(Rmax(En)vaax(Fn)))2 <

nzn( nga}x{(F) )2
(’anax(F) )2
2K

= 1), so the premise of the implication of (11) is true, therefore:

card(E,AF,) < € (Ruax(Ep), Rumax(Fn)))? 4+ 17 max(Ruax (Er), Rmax (F))

(K1 Runax (F))? + 17(KnRyax (F))

< nzg + 17K Rypax (F)n

4K Rypax (F

2 2 €

5n2

<eg
<e

5 Conclusion and open questions

In this paper we have proved two positive stability results in Discrete Tomog-
raphy, the first one concerning additive sets and very small errors, while the
second one regarding convex sets and a relative error which tends to zero. As
a consequence of the second result Proposition 20 is particularly interesting
because it can be used to solve Hammer’s X-ray problem: consider a convex
body E C R? which is only known from X-rays along a Gardner-McMullen set
D of directions. Then one knows that for any fixed n there is a convex lattice
set B, C 7Z? such that for every direction p € D:

nX,E(%) nX,E(<L)

a2+ b2 \/ a2 + b2
(take E, = nE NZ?) Tt is easy to see that condition (12) implies that (E,)
satisfies the conditions of Proposition (20) and so the sequence of sets *E,
tends to the searched set E. Thus, this result could be applied each time a
binary convex shape is asked from a few X-ray images, if we are able to recon-
struct a convex lattice set from approximative X-rays like (12). Unfortunately,

algorithms are known in the exact case ([6]) only or for more general classes
than convex lattice sets ([4,7]).

< X,E,(i) < +1 (12)

Proposition 20 states that the distance between the lattice set and the searched
set tends to zero when the X-ray discretization error tends to zero, but a quan-
titative result would give much more information. Indeed we are interested in
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the following question: if (E,) is a sequence of sets satisfying (12), is there a
constant ¢ such that card(E,A(nENZ?*)) <cn?
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