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Abstract

The border-salient and reentrant points of a discrete set are special points of the
border of the set. When they are given with multiplicity they completely characterize
the set, and without multiplicity they characterize the set if all its 8-components
are 4-connected. The inner-salient and reentrant are defined similarly to the border
ones, but we show that, in general, they do not characterize the set, even if this set
is 4-simply connected. We also show that the genus of a set can be easily computed
from the number of salient and reentrant points.

A discrete set is a finite subset of the integer plane Z2. Intuitively a discrete
set can be described by its border, but this border can also be characterized by
the points where there is a change of direction. In this paper these points are
said to be salient and reentrant points. In fact we define two types of salient
and reentrant points: the first ones are on the border of the set (the border
points), and the second ones are in the inner of the set (the inner points).

Section 1 of this paper presents some preliminary definitions and properties.
The section 2 is devoted to the border salient/reentrant points: we first prove
that the genus of a set can be computed from the number of salients points and
the number of reentrant points, it is in fact a reformulation of the well known
result that the genus of a set can be locally computed. Then we prove that any
discrete set is completely characterized by its set of border salient/reentrant
points given with multiplicities. If the multiplicities are not given then the set
must satisfy some connectivity constraints to be characterized.
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Section 3 presents the inner salient/reentrant points. We show that in general
discrete sets are not characterized by their sets of inner salient /reentrant points
even if the points are given with multiplicities and the sets are connected,
nevertheless we show that there is a characterization theorem if the sets are
supposed to satisfy convexity constraints.

1 Preliminaries
1.1 Definitions and Notations

A multiset is a set where each element can be repeated. If E is a multiset,
and M € E we denote by multg(M) the number of repetitions of M in E.
The set of elements of F (where all the elements are counted only one time)
is denoted supp(FE). So, formally a multiset F is the function multg : FF — N*
where F' = supp(E).

The cardinal of a set E is denoted |E|. If E is a multiset then |F| is the sum
of the multiplicities of the elements of E. The complementary of a discrete set
E is the set Z?\ E and is denoted E°. The symmetrical difference of two sets
Eand Fis (E\ F)U(F \ E) and is denoted EAF.

The half-integer plane denoted by P/, is the image of the integer plane by

the translation of vector (1,1).

o] .
Py = {(Z + > + 5) L (1,]) € Z2}
(1))
A discrete set E can be seen as a subset C(FE) of R?

1 172
o= U (s [LI)
MEE 22
The border of E is the topological boundary of C(E) and is a finite union
of polygonal closed lines whose edges are all horizontal or vertical and whose
vertices are in Py ;.

A 4-path (resp. an 8-path) is a finite sequence (Mg, My, ..., M,,) of points of Z>
such that M;,1—M; is in the set {(£1,0), (0, £1)} (resp. {(£1,0), (0, £1), (£1,£1)}).
Two points of A and B are said to be k-connected in a set F C Z? (k € {4,8})
if there is a k-path between A and B and which is included in E. The k-
connectedness is an equivalence relation on the points of . The equivalence



classes are the k-components of E. We denote by ni(E) the number of k-
components of E. A set E is said to be k-connected if it has only one k-
component and it is said to be simply k-connected if F is k-connected and E°
is (12 — k)-connected.

The lexicographical order on the points of Z? is defined by:

(z,y) < (2',y) &z <2'or(x=2"andy < ).

1.2 Odd Border Points

In this paragraph we define special points which will be very linked to the
border-salient /reentrant points of next section.

Definition 1 If FE is a discrete set, the set of odd border points (denoted
O(E)) is :

O(E) = {(i,j) € Py - H(m %,ji %)} OE‘ E {1,3}}

The main interest of the definition is that a discrete set is completely charac-

terized by its odd border points:

Proposition 2 If two discrete sets E and F satisfy O(E) = O(F) then E =
F.

Lemma 3 Let E be a discrete set and M ¢ E then O(EU{M}) = O(E)A {M + (j:%, +

where A denotes the symmetric difference.

PROOF. Let N bein {M+ (j:%, j:%)} The point M is not in F so the num-

ber |E N {N + (£1, i%)}J is odd if and only if [(E U {M}) N {N + (+],+1)}|
is even. Then the lemma follows from the definition of ©@. O

PROOF of Proposition 2. We prove the property by recurrence on |E|.
So we suppose that the property is true for any sets E such that |E|] < n
and we suppose that we have two sets F and F' such that |[E| = n + 1 and
O(E) = O(F). Let (x,y) € O(E) be the point of P,/ which is minimum for
the lexicographical order. The point M = (x + %,y + %) must be in both F
and F. So we consider £ = E'\ {M} and F' = F \ {M}. By the previous

))



lemma:
O(FE') = 0O(F)A

{
_ O(F)A {M 4 (i% il)}
— O(F).

So by recurrence E' = I’ and then £ = F. O

2 Border Salient/Reentrant Points
2.1 Definitions

Definition 4 e A corner is a couple (M,N) when M € Pyj; and N € Z?
and M — N is in {(£3,+3)}.

o A corner (M, N) is a salient corner of E if N € E and M is the extremity of
two edges of the border of E which are also sides of the square N + [—%, %}2

o A corner (M,N) is a reentrant corner of E if N € E and M is the ex-

tremities of two consecutive edges of the border E which are not sides of the

square N -+ [—%, %]2
N [ ] N [ ]
M M

salient corner reentrant corner
Fig. 1. Corners

Now we can define the border-salient /reentrant points:

Definition 5 The multiset of border-salient (resp border-reentrant) points of
a discrete set E, denoted Sp(FE) (resp Rp(FE)) is the multiset whose support
is included in Py and such that for any M € Py /s, the number mults, gy (M)
(resp multg gy (M)) is the number of N such that (M, N) is a salient corner
(resp reentrant corner).

The different local configurations are described in figure 2. In particular a
border-salient point can have multiplicity 1 or 2, and a border-reentrant points
has always the multiplicity 1.

We notice that any odd border point is salient or reentrant. The inverse is not
true since the salient points of multiplicity 2 are not odd border points. More



Fig. 2. Definition of the border salient and reentrant points. (The exponent indicates
the multiplicity)

precisely if:

D(E) = {(w) € Py En{(x+ L 1)} =

2 2
fo-Lv-Butes b b or o= bos Do L=} @
then

D(E) = {M S Supp(SB(E)) : multSB(E) = 2}7 (2>
O(E) = (supp(Sp(E)) URp(E)) \ D(E).

2.2 Genus and number of salient/reentrant points

We recall that the 4-genus of a discrete set E (denoted g4(F)) is ny(E) —
ng(EC) + 1.

A first property of the salient and reentrant points is the computation of the
genus with them:

Proposition 6 If E is a discrete set then gs(E) = 1(|Sp(E)| - |Rp(E)|). In
particular if E is 4-simply connected then |Sp(E)| = |[Rp(E)| + 4.

We recall that a 4-simple point of E is a point M = (z,y) € E such that
{r£1,y+ 1} N E is 4-connected and {z £ 1,y + 1} N E° is 8-connected. A
classical property of simple points is the following: ([4, Proposition 4.1])

Proposition 7 A point M is a simple point of E if and only if ny(E\{M}) =
ny(E) and ng((E\ {M})°) = ng(E°).

PROOF of Proposition 6. We will prove the property by recurrence on
the cardinal of the set. Suppose that the property is true for any set F' such
that [F| <n—1 and let E be a set of cardinal n. Let M = (z,y) be the point
of E which is minimum for the lexicographical order. We know that the set
E'= E\ {M} satisfies g4(E") = 1(|Sp(E)| — [Rp(E")]).

By hypothesis the points (z — 1,y — 1), (z — 1,y), (z — 1,y — 1), (x,y — 1) are
not in E, but the other four 8-neighborhoods of M can be in E or not, so
there are 16 possibilities which are grouped in three cases (see Figure 3).



2.a

2.b

2.c

2.d

2.e

3.a

3.b

ISB(E")| = [Sp(E)| - 4, |Rp(E")| = |Rp(E)|,

g o Lo E

Psos o1 na(E') = na(E) — 1, ng(E'°) = ng(E°)

D sl | D E 1S5(E")| = IS8 (E)|, IRs(E)| = |R&(E)|,
el Lo : n4(E') = na(E), ns(E'°) = ns(E°)
Dipd L Lo L ISe(E)| = Sp(E)| - 1, |Rs(E")| = [Rp(E)| — 1,
bsos o1 Lo L o na(B) = na(B), ns(E’) = ns(E°)
Dot 1Se(B)| = ISe(B)| + 1, [Re(E)| = [Re(E)| + 1,

E s gt E ni(E") = na(E), ns(E'®) = ng(E)

D m 1SB(EN = 1SB(B)| - 2, [Re(E)| = |Rs(E)| -2,

E s R E na(E") = na(E), ns(E'®) = ng(E°)

e 1Se(B)| = ISe(B)], [Re(E)| = |Rs(B)|,

Ds ) na(E) = na(B), ns(E'°) = ns(E°)

Dl 1SB(B)| = ISe(B)| +3, [Re(E)| = [Re(E)| -1,

s o na(E') = na(E) + 1, ng(E'®) = ng(E®) or na(E') = ny(E), ng(E'®) = ng(E°) — 1
D sl 1S5(E)| = 1S5(B)| +2, [R5 (E)| = [Re(B)| -2,

S R E ng(E’) = na(E) + 1, ng(E'°) = ng(E°) or na(E") = na(E), ng(E'®) = ng(E°) — 1

Fig. 3. The different cases in the proof of Proposition 6.

(1) In this case we suppose that the point M is isolated, which means that
the four points (x £ 1,y), (z,y £ 1) are not in E. We have Sg(E) =
Sp(E)U{z+3,y+1} and Rg(E) = Rp(E’). A 4-path in E between two
points of E\{M} cannot pass through M since the four points (z41, y+1)
are not in F, so ny(E) = ng(E")+ 1. An 8-path in £’ between two points
A, B can pass through M but all the 8-neighborhood of M which are in
E* can be linked by an 8-path which does not pass through M, so we can
modify the initial 8-path so that it does not pass through M but always



links A and B and is contained in E° thus ng(E°) = ng(E£’). So finally

(158(E)| = [RB(E)])

94(E) == 714(E) - ng(EC) +1

= TL4<E/> +1-— ng(E’C) +1

= g4(E,) +1

= i(’SB(E/)‘ — |Rp(E")|) +1 by the recurrence hypothesis
1

= 1USB(E)| -4~ |Rp(E)[) +1
1
4

(2) We now consider the case where M is a simple point. By Proposition 7
we have ny(E) = n4(E’) and ng(E°) = ng(E"). By considering all the
possibilities (cases 2. of Figure 3) we can see that (|Sg(E)|— |Rp(E)|) =
1S5(E)] — |Rp(E")| and so gu(E) = 1(S5(E)| - |Ru(E))).

(3) It remains the case where M is neither simple nor isolated. By Proposition
7 we know that

ny(E) # na(E") or ng(E°) # ns(E"). (3)

Let A = (z,y+1), B=(z+1,y9),C = (z+1,y+1),D = (x—1,y—1). We
have A, B € E and C, D € E° (cases 3. of Figure 3). The 4-components
of E which do not contain neither A nor B are also 4-components of E’,
similarly the 8-components of £° which do not contain neither C' or D
are 8-components of £’¢. So

ny(E) <ny(E') <ny(E)+1 and ng(E) < ng(E°) < ng(E°)+1. (4)

If A and B are 4-connected in E’, then we have ny(F) = n4(E") and so by
(3) and (4) we have ng(E¢) = ng(E")+1. If A and B are not 4-connected
in £’ then by considering the border of the 4-component of £’ containing
A we can prove that C' and D are 8-connected in E° (see border following
algorithm BF} in [4, p626]). Then ny(E) = ng(E’) — 1 and ng(E°) =
ng(E"). So in the two cases we have ny(E)—ng(E°) = ny(E')—ng(E¢)—1.
Moreover we have |Sp(E')| — |[Rp(E")| = |Sp(E)| — |Rp(E)| + 4 (see the
two cases 3.a, 3.b of Figure 3). So g4(E) = 1(|Sg(E)| — |Rp(E)|). O

Remark 8 In [5, Proposition 2.7.1] it is proved that g4(E) = |E|—e1 —ea+ f
with:

e =[{(z,y) - [En{(z,y), (x +1,y)} =2},
e2 = [{(z,y) : [EN{(z,y), (x,y + 1)} =2},
=Ry - [En{(zy), (@+1y), (@,y+1),(z+1y+ 1)} =4}



In fact the proofs of these two propositions are very similar. Moreover we can
deduce one from each other: Let kq, ..., kg be the number of occurrences of
each configuration in Figure 4 (notice that ky = oo and the other k; are finite).
By considering the configurations which have a common bar we have:

k1 ko k3 ka4
ks ke k7 ks
ko k1o k11 k12
k13 k14 k1s kie

Fig. 4. The possibilities for the intersection of a discrete set and a 2 x 2 square.

ko + ke + k1o + k1a = ks + kg + k7 + ks,

ks + kr + ki1 + kis = kg + k1o + k11 + k1o,
by + kg + k1o + kig = ki3 + ki + kis + ki,
ko + kg + k1o + k1o = ks + kg + k7 + kg,

ks + k7 + ki3 + k15 = ko + k1o + k13 + k14,
ke + ks + k14 + kig = k11 + k12 + ks + k6.

We deduce that:
k1o = ks + k7 + ks — kg — ki,
ky = —kg — ks + ks + k13 + ks,
k1o = k3 + kg — ks, (5)
ke = —ks + k11 + ks — ks + ks,
ko = —ki5 + kg + ks.

We have:

|E| = ko + ky + kg + kg + k1o + k12 + ks + Kis,
e1 = kg + kg + k12 + ks,
ey = kg + kg + k14 + kg,
f = ki,
ISp(E)| = kg + k3 + ks + ko + 2(k7 + ko),
Rp(E)| = ks + ki2 + kia + kis



By combining (5) and (6) we have:

ISp(E)| — [Rp(E)| = —4kis5 + 4kg + 4k1o
|E| —e1 —ea+ [ = kio+ ko — k5.

and so i(‘SB(E)’ — |RB(E)’ = |E’ — €1 — €9 + f

See also [6, exercise G.4.c| for another similar property to Proposition 6.

2.8 Characterization of a set by its salient/reentrant points

A direct consequence of Proposition 2 and Formula (2) is:

Proposition 9 Let E and F be two discrete sets. If Sp(E) = Sp(F') and

Figure 5 shows that this proposition becomes wrong if Sg(F) is given without
multiplicity. Nevertheless the two next propositions show that there is also a
characterization property if we make supplementary hypothesis on the sets:

(F) = ns(F), na(F°) =

Proposition 10 Ifny(E) = ng(E), ny(E) = ng(E°), ny
))Usupp(Rp(F)) then

ng(F°) and supp(Sp(E)) Usupp(Rp(E)) = supp(Sa(
E=F.

Lemma 11 If ny(E) = ng(E) and ny(E°) = ng(E°) and D(E) is defined by
(1) then D(E) is empty.

PROOF. Consider L € N such that £ C [—(L — 1),(L — 1)]?, and F =
[_Lv L]2 \ E.

We have ny(F) = ng(E) and ny(E°) = ng(E°) so

9s(E) + gu(F) =1 (7)



We have |Sp(E)| = |Rp(F)| + 2|D| and |Sp(F)| = |Rs(E)| + 2|D| + 4. So

_ 1Ss(E)| = [RB(F)| + [Sp(F)| — [Rp(E)| — 4
4
_ 4gu(E) 4 4g4(F) — 4
4
=0 by Formula (7). O

ID(E)]

by Formula (2)

by Proposition 6

PROOF of Proposition 10. By Lemma 11, D(E) = D(F) =0, so O(E) =
supp(Sp(E))URpB(E) = supp(Sp(F))URpB(F) = O(F) and the result follows

from Proposition 6 O

Proposition 12 Ifny(E) = ns(E), na(F) = ns(F), supp(Sp(E)) = supp(Ss(F)),
supp(Rp(F)) = supp(Rp(F)) then E = F.

PROOF. We take the abbreviations S = supp(Sp(F)) = supp(Sp(F)) and
R = supp(Rg(E)) = supp(Rp(F)). We will construct the border of £ from

S and R. Precisely we will construct a sequence (Bf)ggkgn_l of points of Py,
0<i<lj,—1

such that for a fixed k the sequence B¥ = (BF)o<i<;, 1 is the sequence of
consecutive vertices of one of the polygonal closed lines of the border of F.

Suppose that we have constructed the sequence B®, B',... ., B¥1. If SUR =
{BF : 0<k<k-—1and 0<i<I,—1} then the integer n is defined to be k.
Otherwise we define BY as the minimum point (x,y) for the lexicographical
order of the set (SUR)\{B¥ : 0 <k <k—1and 0 <i <, —1}. The symbol
S’ will denote one of the set S and R which contains Bf and R’ will denote the
other set. Now we define the sequence B* by a recurrence using an auxiliary
sequence of vectors (u;). Intuitively the points of the sequence (B*) follow a
mobile point which goes in the direction u;. When this mobile point meets a
salient point it turns 90 degrees on one side and when it meets a reentrant
point it turns 90 degrees on the other side. Formally we have ug = (%, 0) and
the following recurrence equation:

Uij+1 = T‘(UZ) if sz S S/
=7 () if B¥ ¢ R

where ¢ = min{t > 0 : Bf +tu; € SUR}, r(z,y) = (y,—x), r (z,y) =
(—y, ). The number I is defined to be min{i > 0 : B¥ = BF}. We can see by
recurrence on i that (BF_,, B¥ | —u; +u;41) is a salient corner if BF,; € S and
(BF.1, BE., —u; —u;y1) is a reentrant corner if BF,; € R. By definition there

10



is no salient or reentrant point in each segment [BF, BF, | so the polygonal

closed line (Bf, BY,..., Bf _;, Bf) is a component of the border of E.

So at the end of this process we have n components B°, B!, ..., B" ! of the
border of E, whose elements cover all S U R. If there was another component
in the border of F, then a vertex M of such component would belong to
two polygonal lines. So M must be a salient point with multiplicity 2. Then
En{M+ (£}, +1)} = {A, B} where A = M + (-},-1),B = M+ (},)
or A =M+ (—%,3),B =M+ (3,—3). Then A and B would not be not
4-connected in F, but they are 8-connected so we would have ny(E) # ng(E).
So the border of E is the union of the polygonal lines B°, B,..., B"! but it
depends only on S and R so it is equal to the border of F and then £ = F. 0O

but n4(F1) # ns(Fl)

but ng(ES) # ns(ES)

supp(Sp(E1)) = supp(Sp(F1))
supp(R g (E1)) = supp(Rp(F1))

supp(Sp(F2)) Usupp(Rp(E2)) =
supp(Sp(F2)) Usupp(Rp(E2))

supp(Sp(E3)) = supp(Sp(F3))
supp(Rp(E3)) = supp(Rp(F3))

and FE3,F3 have the same topology

X N |
N = |

F3

Fig. 5. Pairs of sets which have near border salient/reentrant points.
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3 Inner Salient/Reentrant Points
3.1 General sets

Definition 13 The multiset of inner-salient (resp inner-reentrant) points of
a discrete set E, denoted Si(E) (resp Ri(E)) is the multiset whose support is
included in Z* and such that for any N € Z* the number mults,g)(N) (resp
multz, gy (N)) is the number of M such that (M, N) is a salient corner (resp
reentrant corner).

Figure 6 shows the different local configurations.

Fig. 6. Inner-salient /reentrant points. (The points outside the dashed boundary can
be in E or E°)

Proposition 14 If E is a discrete set then |Si(E)| = [Sp(E)|,|R/(E)| =
Re(E)|

PROOF. The multisets S;(F) and Sp(F) are in bijection with the set of
salient corners of E. In the same way the multisets R;(E) and Rg(F) are in
bijection with the set of reentrant corners of £. O

In particular the formula computing the genus is also true for inner salient /reentrant
points: g4(E) = 1(IS1(E)| — [R:(E))).

The inner salient/reentrant points do not determine the discrete sets even for
the 4-simply connected sets (see figure 7).

Nevertheless, given two multisets S and R we can look for all the sets E such
that Sy(F) = S and R;(E) = R. Algorithm 1 does this, but restrictively for
the class of the 4-simply connected sets. The idea of the algorithm is to find
the border of the set, following the ideas of the proof of Proposition 12: we
begin with the most left-bottom point of S and we draw the border of the set
by consider a mobile point which can turns left when it meets a salient point

12



S2 s2 S2 s2

S](El) = S[(F1) and R[(E1) = R[(Fl)

52 s2 s2 s2
E1 Fl
s s s
R R 52 R R S2
& R2 R? 52 @ 2P Si1(E2) = S1(F2) and Ri(Ez) = Ri(F2)
R R s2 R R s2
s s
E2 F2
s2 s2
s2 R%2 R s2 R?
81(E3) = S](F3) and R[(E3) = R[(Fg)
P P @@ 2 a2 = E3 is H-convex and 4-connected but
52 52 F3 is not H-convex

2 2 o2 5 supp(Sr(E4)) = supp(Sr(Fs)) and
520R20S § RS supp(R1(E4)) = supp(R1(Fu))
FE4 and Fy are H-convex and 4-connected but

5] =5) (P 3
STETS 5 R S they are not V-convex.

E, Ey

Fig. 7. Pairs of sets which have near inner salient/reentrant points.

on its left, and can turns right when it meets a reentrant point. The problem is
that sometimes there can be many possibilities for the mobile point (see figure
8). This case did not happen for border salient/reentrant points because the
turn was always made at the first met salient/reentrant point. Algorithm 1
simply considers all the possibilities, so in fact it has an exponential complexity
even if there is only one solution (see example of figure 9). We do not know if
the construction of a discrete set from its salient /reentrant points can be done
in polynomial time.

Fig. 8. The choices in Algorithm 1.

13



Algorithm 1 An algorithm to display the possible borders of a 4-simply
connected set from its inner-salient /reentrant points
bords(S, R)
My « lexicographical minimum of S
bOI‘dSl(S \ {MO}’ R7 H’ MU - (%7 %)7 (%7 0)7 (07 %))
bords1(S, R, B, M, u,v)
if S,R =0 and M = B, then
display(B)
return
end if
if —cross(B, M) then
return
end if
B« [307 ceey Blength(B)fla M]
S —{M+tu:t>0and M +v+tueS}
R —{M+tu : t>0and M —v+tu € R}
for all M’ € S"U R do
{The next vertex is chosen in this loop.}
if M’ € S’ then
bords1(S\ {M' + v}, R, B, M' + u,v, —u)
end if
if M’ € R’ then
bords1(S, R\ {M' —v}, B, M’ —u,—v,u)
end if
end for
cross(B, M)
[ « length(B)
for i € {0,...,1—2} do
if [B;, Bis1] N [Bi—1, M] # {B;, Bis1} N {B;_1, M} then
return true
end if
end for
return false

3.2 Characterization of H-convex sets by Inner Salient Reentrant Points

In this section and the following one, we will see that discrete sets can be
determined by their salient/reentrants points if we impose some convezity
constraints.

Definition 15 A set is H-convex (resp. V-convex) if the intersection of the

set with any horizontal (resp. vertical) line is 4-connected. A discrete set is
HV-convex if it is H-conver and V-conver.

14



R R 52 5?
R S
R R S?
SR R*S?
R R S2 R
R S R
! '
1 1
1 1
1 1
1 1
1 1
1 1
R S R
R R S? R
R S R
) R R S
n times bad choices
SR R?S?

R S
R S
R R S?
R S
R R S?
SR R?5?
R R S?
S S

Fig. 9. The set (on the left) takes ©(2") time to be reconstructed with Algorithm
1. The closed-line (on the right) is the first closed line given by the algorithm, but
not all the points have been used, so the the previous choice must be changed.

Proposition 16 Let E and F two H-convex sets. If Sy(E) = S;(F) and

PROOF. Let E be a H-convex set. For any y € Z we define z,,(y) =
min{zr : (z,y) € E} and Tpa(y) = max{z : (x,y) € E} with the
conventions min @ = 400 and max & = —oo. The set F is H-convex so it is
completely determined by the functions z,;, and z.,... For any y we define
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S(y), R(y),SU(y), RU(y) as the multisets of integers defined by:

multg, () = mults, g (2, y)
mult g (z) = multg,g)(z, y)

mult sy () (x) = multSI(E)(a:, y)—

1 1 1
{x' € {z - 3%t 5} c (oY — 5), (x,y)) is a salient corner of EH

mult g (zy) () = multg, (g (2, y)—
1

1 1
Hx’ e {x— 5Tt 5} c (oY — 5), (x,y)) is a reentrant corner of EH

Intuitively SU(y) and RU(y) are the set of abscissas of the salient and reen-
trant points whose corresponding corners are directed up.

We will prove that the functions x;, and Zy., only depend on S;(FE) and
R;(E). For this we will give a definition of Zin(y), Tmax(y) by recurrence on
y. For y < ming yep(y') we have 2yin(y) = +00 and Zmax(y) = —00. Suppose
we Know Zpmin(y'), Tmax(y') until ¢’ <y — 1. Then we can compute SU(y — 1),
RU(y — 1) from these values. To compute zn,(y), we consider four cases (see
Figure 10):

o If (SU(y—1) = @ or Tmin(y) # min(SU(y — 1))) and (S(y) = @ or
min S(y) = Tmin(y)) then Tumin(y) = Tmin(y — 1)

o If SU(y—1)# @, RU(y— 1) # @ and xpin(y — 1) = min(SU(y — 1)) then
ZTmin(y) = min RU(y — 1).

o If S(y) # @ and min S(y) < Zmin(y) then zyin(y) = min S(y).

o If SU(y—1) # @ and RU(y — 1) = @ then zyy(y) = min S(y).

Similar considerations permit to compute . (y). So the functions z,;, and
Tmax only depend on S;(F) and R;(E) which proves the proposition. O

Trmin (Y) Trmin(Y) Trmin(Y) Trmin(Y)
S R S S y
S R ‘S S y _ 1
mmin(y - 1) -Tmin(y - 1) xmin(y - 1) xmin(y — 1)

Fig. 10. The four cases in the proof of Proposition 16

Remark 17 This proposition becomes false, if the sets of salient and reentrant
points are considered instead of the multisets. (see last example of Figure 7)
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3.8 Characterization of HV-convexr 8-connected sets by Inner Salient Points

We will see in this paragraph that the 8-connected HV-convex sets are com-
pletely characterized by only their salient inner points without multiplicity.

Proposition 18 Let E and F' be two 8-connected HV-convex sets then supp(S;(E)) =
supp(S;(F)) implies E = F.

PROOF. Let S = supp(S;(E)) = supp(S;(F)). For any M € Z? we define:

Ro(M) = {(z,y) € Z* | x < xpr and y < yur},
Ry(M) = {(z,y) € Z* | x > xpr and y < ywr},
Ry(M) = {(z,y) € Z* | x > xpr and y > yur},
Rs(M) = {(z,y) € Z* | v < xpr and y > yas}.

If Roy(M)NE # () then we see that the lexicographical minimum of Ro(M)NE
isin S. As S C E we have Ry(M)N S # 0 = Ry(M)N E # (. In the same
way we can prove that for any i € {0,...,3}

R(M)NS #0 = Ri(M)NE #0. (8)

In [2] it is proved that any HV-convex and 8-connected set E is Q-convex
along the horizontal and vertical directions which means that

E={Mc7Z*:Vvic{0,....,3} R{(M)N E # 0}
and so by (8)
E={MecZ7Z*:Vic{0,....,3} R(M)N S # 0}

which only depends on S. O

Remark 19 The definition of the salient points in [3] is equivalent with the
inner salient/reentrant points for HV-convex 8-connected sets, but they do not
correspond for general sets.
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