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Abstract. In this paper we prove that the function giving the frequency
of a class of patterns of digital planes with respect to the slopes of the
plane is continuous and piecewise affine, moreover the regions of affinity
are precised. It allows to prove some combinatorial properties of a class
of patterns called (m,n)-cubes. This study has also some consequences
on local estimators of area: we prove that the local estimators restricted
to regions of plane never converge to the exact area when the resolution
tends to zero for almost all slope of plane. Actually all the results of this
paper can be generalized for the regions of hyperplanes for any dimen-
sion d > 3.

The proofs of some results used in this article are contained in the ex-
tended version of this paper [1].
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1 Introduction

Digital Planes are very classical objects of Discrete Geometry. Their combina-
torics have been studied in a lot of papers (for example [2-13]), for a recent
review on the subject, see [14]. In this paper we are interested in a class of pat-
terns called (m,n)-cubes which are intuitively the pieces of digital planes of size
m x n. These objects have been studied for quite a long time, for example it
is well-known that the number of (m,n)-cubes appearing in a digital plane is
always less than mn ([5-7,9,11]). These (m,n)-cubes can be used in different
domains of image analysis for example for normal vector estimation, area esti-
mation ([15, 16], see also second section of this paper), form reconstruction. The
originality of this paper is the study of not only the presence of a (m,n)-cube
in a digital plane, but also of the frequency of this (m,n)-cube in all the digital
planes.

The main result of the first part of this paper enunciates that the function
giving the frequency of (m,n)-cubes of digital planes with respect to the slopes
of the plane is continuous and piecewise affine. Moreover we will see that the
study of the frequency allows to prove some combinatorial properties on the
(m,n)-cubes.



In a second part of the paper, we use our study about frequencies to prove
some results about local estimators of area. A local estimator of area simply
consists to decompose a surface into little pieces (in fact similar to (m,n)-cubes)
and to sum some weights which correspond to the pieces. The study of the
frequency of the (m,n)-cubes allows to prove that even for planar regions these
estimators are not correct in the sense that, if the discrete regions are obtained
from a continuous plane, then the estimated area does not converge to the exact
area for almost all slopes of plane when the resolution of the discretization tends
to zero. It is in fact a generalization to 3D of [17]. Actually we can prove with
the same technics that all the results of this paper are true for the regions of
hyperplanes for any dimension d > 3.

The proofs of some results used in this article are contained in the extended
version of this paper [1].

2 Preliminaries

Let a,b € N and a < b. The discrete interval {a,a + 1,...,b — 1,b} is denoted
[a,b]. For x € R, |z] (resp. (z)) denotes the integral part (resp. the fractional
part) of x. So, x = |x| + (z) with |z| € Z, |z| <z < |[z] +1and 0 < (z) < L.
For any set F, card(E) denotes the cardinality of E.

We refer in all the following to a subset of R? of the form R = {(z,y, ax + By +
v) | a<ax<band ¢ <y < d} such that o, 5 € [0,1] and a,b,¢,d € R as a
rectangular planar region. It corresponds to a subset of plane whose projection
on the XY-plane is a rectangle with sides parallel to X, Y-axes.

In this paper all the topological notions are considered relatively to the Euclidean
usual topology. If E is subset of a topological space, E denotes its topological
closure (the smallest closed set containing E). The measure notions are consid-
ered relatively to the Lebesgue measure on the Euclidean space, for example
‘negligible set’ (set with zero measure) and ‘almost everywhere’ are considered
relatively to the Lebesgue measure on the Euclidean space.

3 Frequencies of the (m,n)-cubes

In this paper we consider naive digital planes P, 5., = {(z,y, oz + By +
) | (z,y) € Z*} with «, 3 € [0,1] and v € R. So a naive plane is functional in
its ,y coordinates: z = pag~(z,y) = |ax + By + ] for all (z,y,2) € Pu 4.
Moreover we fix two positive integers m and n and we define F,,,, = [0,m —
1] x [0,n — 1].

Definition 1. A (m,n)-pattern is a function w : Fpyp — Z. We note My,
the set of all (m,n)-patterns and the size of a (m,n)-pattern is m x n.

We can also see a (m,n)-pattern as a set of voxels which projection in the XY-
plane is F,, ,, and which has at most one point in each line parallel to the third



coordinate direction.

In all the following, a pattern of size less than m x n corresponds to a (m’,n’)-
pattern where m’ < m, n’ <n and (m,n) # (m’,n’).

A (m,n)-cube is a (m,n)-pattern which can be extracted from a naive digital
plane, more precisely:

Definition 2. The (m,n)-cube at position (i,j) of the digital plane Py g~ is
the (m,n)-pattern w defined by w(i',j') = pap~GE+i,5+7") — Pap~(i,7) for
any (i',§") € Fn. It is denoted w; (v, 5,7).

So a (m,n)-cube is simply a piece of a digital plane which projection in the
XY -plane is a translation of F,, ,,. Fig.1 corresponds to a (3, 3)-cube in a digital
plane.

Note that for all 4,5 € Z and o, 8,7 € R, w; j(, 8,7) = wo,0(c, B, ai + 57 + 7).

Fig. 1. A (3,3)-cube in a digital plane

Let Cfgﬂ =1— (ai+ Bj) for (i,5) € Fpn, and 0 be a bijection from [1,mn]

’B)ogigmn defined by Bf‘vﬁ — %P for

to Fpm.n such that the sequence (B o (i)

K3
1 <7< mn and Bg”@ = 0, is increasing.
We recall some known results (see for example [6]).

Proposition 1. For all a, 3,7 € R we have:

1. The (k,l)-th point of the (m,n)-cube at position (i,j) of the digital plane
P, s~ can be computed by the formula:

lak + Bl if (i + Bj +7) < Cpf

wij (e, B,7) (k1) = {Lak + Bl +1  otherwise

2. The (m,n)-cube w; j(o, B,7) only depends on the interval [B;j’ﬁ, Bg‘fl[ con-

taining {(oi + 5j + ).



3. For all h € [1,mn — 1], if [B;f’ﬁ,BZ‘fl[ is not empty (Bg’ﬁ < B;ffl), then
there exist i, such that (i + Bj +) € [BP, B}?ﬁ[ and thus the number
of (m,n)-cubes in the digital plane P, g is equal to card({C,?y’f | (k1) €
Fmn}). We have, in particular, card({C;”lﬂ | (k,1) € Frnn}) < mn.

So, we have wg o(c, 8,7) = wo,0(c, 5, (7)) and thus w; ;(«a, 3,7) = wo o (e, B, (i+
Bj + 7)) for all o, 3,y € R and (4,5) € Z* .

By Proposition 1, the set of (m, n)-cubes of the digital plane P, 5, depends only
on «, 3 and it is denoted C, p,o,3. In all the following, U, , denotes the set of
all the (m,n)-cubes. So, Up, n, = U(a,ﬂ)e[o,lP Crnya,B-

Definition 3 ([18]). Let w be a (m,n)-cube, then the pre-image PI(w) of w is
the set of the triple (o, 3,7) € [0,1]® such that w is the (m,n)-cube at position
(0,0) of the digital plane Py g .

Remark. It is easy to see that PI(w) is a convex polyhedron defined by the
inequalities w(k,!) < ka + 18+ v < w(k,l) + 1 for (k,l) € F, . Moreover the
set of the 4" € [0,1] such that («, 3,7") € PI(w; j (e, 5,7)) is exactly the interval
[Bg’ﬁ, Bz‘fl[ containing (i + 87 + 7).

The last remark leads to the following definition:

Definition 4. The ~y-frequency of a (m,n)-cube w for the slopes (a, 3) (denoted
freq,, g3(w)) is the length of the interval 1P (w) = {y € [0,1] | (o, 8,7) € PL(w)}.
(so the function TP : PI(w) — R such that TP(«a, ) = freq, g(w) is the tomo-
graphic projection of PI(w) w.r.t. the third coordinate direction).

Definition 5. The overlapping frequency of a (m,n)-cube in the digital plane
Paﬂﬁ 18

i card({(i, j) € [-N, NJ? | w; j (o, B,7) = w})
N—+o0 (2N + 1)2

if the limit exists. It is denoted overfreq,, 5. (w).

card({(4,§) €[=N,NJ? | (ai+Bj+~v) €I (w)})
2N+1)2

So, overfreq,, 5. (w) = limy_. | o

We have the following properties:
Proposition 2 ([1]). For any «, 3 € [0,1] and v € R we have:

1. w € Cpnya,p if and only if freq, g(w) > 0.
2. overfreq, 5 . (w) = freq, z(w)

(A related result is stated in [19]).

Definition 6. A function f : R?> — R is called a piecewise affine function if
there exists a finite collection (C;)icr of open convex subsets of R? and affine
functions f; : R2 = R fori € I, such that :

- C;NCy =0 fori,i' €I and i # 7,



~ Uie; Ci =R? and
— the restriction of f to C; is f; for alli € I (for alli € I, f(x) = fi(x) for all
S Cz)

Property 1 ([1]). Let f,g : R> — R be two piecewise affine functions. Then
—f,f+9,f—g,max(f,g) and min(f, g) are also piecewise affine functions.

Theorem 1. For any (m,n)-cube w, the function (a, B) — freq, z(w) is a con-
tinuous function which is piecewise affine.

Proof. PI(w) = {(a, 8,7) € R | w(k,l) < ak+pl+y < w(k,l)+1 for all (k,1) €
Fam}-

Then I*f(w) = [maxg ez, . (w(k,1) — ak — l),ming ez, , (wk,1) +1 -
ak — Bl)[.

So, freq,, g(w) = max(0, min, ez, , (w(k, ) +1—ak—pBl)—maxq yer,, , (wk,1)—
ak—p1)). Affine functions, max and min are continuous functions. Then («, 3) —
freq, 5(w) is a continuous function which is piecewise affine because it is com-
position of continuous functions and by Property 1 it is piecewise affine function
O

Proposition 3. Let (ay, 1), (a2, 32), (a3, 33) be points of [0,1] and T be the
convex hull of these three points. Let (ag, o) € T and consider A, Az, A3 > 0
such that (v, Boy) = Zle Xi(ag, B;) and 2?21 Ai =1 (A1, A2, A3 are barycentric
coordinates of (cw, o) relatively to (aq, 1), ... (as,33)). Suppose moreover that
the function (o, B) = freq, g(w) is affine on T for any (m,n)-cube w, then

Crmeoto = U Conaus
1<i<3 and \;#0

Proof. By affinity of (a, 3) = freq, g(w) on T" we have:

3
fred,, g, (w) = Z)\ifreqmﬂi (w)
i=1

If w ¢ Crnnaop, then by Proposition 2, freq,, 5 (w) = 0 and so for any i,
freq,, 5, (w) = 0 or A\; = 0 because A1, A2, A3 > 0 which implies that for any i,
if \j # 0 then w & Cpypasp- Conversely as A\, Ao, Az > 0 and S°_ A = 1, if
W € Crnyn,ag,B5 then by Proposition 2, freq,, 5, (w) > 0 and thus, there must
exist a i € {1,2,3} such that \; # 0 and freq,,, 5, (w) >0 O

We will now precise the domains where the function (a, 3) = freq,, 5(w) is affine:
Let Dy be the line {(a,8) € R?|au + Bv +w = 0} and

E’m,n = U Du,v,w N [0, 1]2
(w,v,w)E[—m+1,m—1]X[—n+1,n—1]XZ

By involves only straight lines D, , 4 such that Dy ., N [0,1]% # 0 and so we
must only consider the straight lines D, , ., such that |w| < |u|+ |v| and thus



Fig. 2. Farey’s diagram for m =4 and n = 3

E,, » involves only a finite number of straight lines.
E,, n is called Hyper Farey fan in [2] and Farey’s diagram in [9].
Fig.2 corresponds to Farey’s diagram for m = 4 and n = 3.

Theorem 2 ([1]). The function («, 3) — freq, z(w) is affine on the closure of
any connected component of [0,1]>\ Ep, ., for all w € Up, ,,. Moreover for any

(o, B), (', 3") € [0,12\ Emn: Covnoonnp = Conmar,pr if and only if (o, 3) and
(o, 3") are in the same connected component of [0,1]% \ Ey, .

Corollary 1. Let O be a connected component of [0,1]? \ Ey,.. Then O is a
convex polygon and if p1,p2,ps are distinct vertexes of the polygon O then

1. for any point p € O, Cmnp = Cmnps YCmmnp, UCmonp, and
2. for any point p in the interior of the segment of vertezes pi,p2, Cmmnp =

Cin,npr U G s -

Proof. The function («a,3) + Cpy n.a,p is constant on O. By Theorem 2, for all
w € Up, n, the function (a, §) +— freq, g(w) is affine on O and we conclude by
using Proposition 3 O

Corollary 2. The number of (m,n)-cubes is in O((m + n)?>m3n?).

Proof. Any line of equation uz+vy+w = 0 with |w| > |u|+|v| does not intersect
the square [0, 1]%, so E,, ,, is composed of at most (2m + 1)(2n + 1)(2(m +n +



1) +1) = f(m,n) lines. Thanks to Theorem 2 and Corollary 3 all the (m,n)-
cubes appear in the vertices of the connected components of [0, 1]* N E,,, ,,. Each
vertex is the intersection of two lines of E,, ,, so there are at most f(m,n)? such
vertices. Each vertex corresponds to at most mn (m,n)-cubes, so in total there
are at most ((2m+1)(2n+1)(2(m+n+1)+1))2mn (m, n)-cubes, which proves
the claim O

Corollary 2 gives an upper bound for the number of (m, n)-cubes. In the follow-
ing, we will give a lower bound for this number.

Definition 7. Let m € N\ {0}.

1. Let a,y € [0,1]. The set S(m,a,v) = {(z, lax+~]) |z € [0,m—1]} is called
a digital segment of size m.
2. Sm ={S(m,a,v) |,y € [0,1]} is the set of all digital segments of size m.

Property 2 ([20, 21)).

1. card(S,) =1+ > i, (m—i+1)p(i) where ¢ is the Euler’s totient function
(p(i) =card({j | 1 <j < iand i and j are co-prime})).
2. card(Sp,) = ’7’:—; + O(m?log(m)).

Property 3. Let m,n € N* and «, 3,71,72 € [0,1] and consider the two dig-
ital segments S(m,a,v1),5(n, 8,72). Then, there exists w € Uy, such that
S(m.a,31) = {(iw(i,0)) i € [0,m — 1]} and S(m, B,72) = {(, w(0,7) ] €
[0,m — 11}.

Proof. By [21,6], there exist i,j € Z such that S(m,a,y1) = {(x — i, |[ax] —
lai]) |2 € [i,m+i—=1]} and S(n, 8,72) = {(z—j, [By] =85 ]) [y € [j,n+i—1]}-
Then w = w; j(«, 3,0) verifies the conditions of the property O

Corollary 3. card(Up,,) > card(Sp)card(S,). So, card(Um,,) = Zm?n? +
O(m?n?log(m)log(n)).

Proof. By Property 3, we have card(Uy, ») > card(S,,)card(S,) and the second
assertion is a direct consequence of Property 2 0O

Corollaries 2 and 3 imply that there exist two constant numbers k1, ks such that
kim?®n3 < cardUpm, n) < ka(m + n)?m3n3.

4 Application to local estimators

A digital surface is the discretization of a surface of R3. We investigate in this
section the local estimators of the area of digital surface in the digital space rZ?
of resolution 7.

The local estimator of area is obtained by associating a weight p(w) to each
pattern w € M(m,n) of size mxn where M(m,n) is the set of all mxn-patterns,



then any digital surface S,, can be obtained by concatenation of elements in
M(m,n) with perhaps a pattern ¢;, € of size less that m x n. In other words
S, can be viewed as a bi-dimensional word on the alphabet of patterns of size
less or equal to m x n. If

Wi w21 v WM, €1
Wi W22 *-+ WHp,2 E2
S, =
Wwi,N W2 N -+ WMN EN
! / / /
€1 &2 " Epm S

where w; ; € M(m,n) for all i, j, then we define the area of S, by &, . np(Sr) =
r? > i P(wij) (i.e. we neglect the contribution of the digital surfaces €; and ).

Actually, we investigate the following problem:

Does there exist m,n and p(.) such that for any surface S € R?® the areas
Srmon,p(Sr) converge to the area of S where r tends to 0?7 (i.e. S, is a dis-
cretization of S).

In this section, we study this problem for a particular class of surfaces: the set of
rectangular planar regions. Moreover we suppose that the discretization operator
0, restricted to these regions is in the class of the “Bresenham” discretization.

Let a,b,¢,d € R such that a < band ¢ < d and 0 < o, < 1. Let r > 0
be the resolution of the discrete space rZ3. Let the rectangular planar region
R ={(z,y,ax+By+v) | a <ax<band ¢ <y < d}. So the “Bresenham”
discretization of R in rZ3 is

Ry =r{(ay, low+ By + 1)) | (z,9) € [120, 200 > 110, 120,

We fix m,n as a positive integers. As it has been explained for surfaces, the
discrete region R, can be seen as the bi-dimensional word:

wi,1 W21 v WM, E1,r
Wi2 W22 -+ WM,.2 Ear
R.= Do : (1)
wW1,N,. W2,N, " WM, N, EN,r
E/1,7‘ 5/2,7‘ o 6?\47.,r EG\/[,,.+1,T

bi_fa d|_r1¢
where M, = LWJ and N, = L%J and for all 4, j, w; ; is a (m, n)-
cube and ¢;, s} are patterns of size less than m x n.
We construct &,.,,,,n,p as the local estimator of measure by using a weight func-
tion p : Up, ,, — R. Then &, ,, 5 p is defined by:

Spmonp(Ry) =17 Z(i,j)e[u,M,,,]]xgl,N,,,]] p(wi;) 2)
= Tz Zweum,n n(wv Rrv T)p(lﬂ)



Where n(w, R,,r) = card({(¢,7) € [1,M,] x [1,N,] | w;; = w}) which is the
number of occurrences of the pattern w in the bi-dimensional word R, (i.e. we
neglect the contributions of the &;  and €’ fori € [1,N,] and j € [1, M, +1]).
The central question of this section can be formulated as the following, does
there exist m,n and p(.) such that, for any rectangular planar region R, the

estimation &, ., 1, »(R,) converges to the area of R when the resolution r tends
to 07

We will prove in this section that the response is almost everywhere no.

Actually, we will prove that for almost all rectangular planar regions R, the
estimation &,y 1 p(Rr) does not converge to the area of R when the resolution
r tends to 0.

The result of this section is an extension of the results of [17] for estimating area
of rectangular planar regions of R3.

Put DAy p(R) =1lim,—0 Spomnp(Rr)-

In all the following, to simplify the notations we denote E, = ([[%],
[T LD N ((mZ+TE]) x (nZ+[£1)) and S, = (|2] — ¢ 1+1)(L?J [£
Definition 8. The non-overlapping frequency F&P7:a:0:¢d of g pattern w of size

m X n in R, is defined by:

Fa”(;_’fy’a,l%c’d _ Ca‘rd({(l.?y) € ET | wxvy(a7ﬁ7 %) = U}})
s - Sr

Lemma 1. Let o, 3 € [0,1] such that o or 3 is irrational, 7v,a,b,c,d € R,
W € Crymya,8- Then

1
FePsabed Foz,ﬁ vabed _ Ty,
lim L g, ()

In particular F®P7:5¢4 does not depend on v, a,b,c, and d.

Proof.

FosBysabed — Jim 0 card({(z,y)€EEr | wa,y(a,3,F)=w})
= —

s,
card({(#,y) €Eyr | (ax+By+Ly) el (w)})

T

= hmrHO

So, if we take p =m, ¢ =n, v = ,7 and [ = IO‘”B w) in Theorem 4 of the
Appendix A [1], then we have F*#rabed — L (JoB () = —Lfreq, 5(w)
because by Proposition 2 overfreq,, 4 . (w) = u([o"ﬁ( )) O

Theorem 3. Let O be a connected component of (0,112 \ Ey, . Then there exist
u,v,t € R such that DA, », p(R) = (b—a)(d—c)(ua+vB+1t) for all rectangular
planar regions R = {(z,y,ax+ Py +v) | a <2z < b and ¢ <y < d} such that
a,B €O and « or 3 is irrational.

In other words, DAy, ».(.) is an affine function in («, 3) for (a,8) € (O\ Q?).



Proof. By (1) and (2) we have:

Gr,m,n,p(RT):TQ Z Z p(wi, ;)

1<i<My 1<j<N,

=2 3" n(w, Ry, rp(w)

’wEZ/{wl,n

where n(w, Ry,r) = card({(z,y) € (mZ + [$]) x (nZ + [$]1) N ([[£1 (L2 ]]

I T

M1, [12]]) | wey(a,B,2) = w}) which is the number of occurrences of the

pattern w in the bi-dimensional word R,. So,

DApnp(R) = limr? " n(w, Ry, r)p(w)

r—0
WEUm n

_ }11% 28, Z %p(w)
WEUm n r
1
=((b—-a)d-2¢) Z %freqaﬁ(w)p(w) (By Lemma 1)

WEUm n

So, according to Theorem 2, DA, ,, »(.) is an affine function in (¢, 8) for (o, §) €
(0\Q* O

Corollary 4. The set of (o, 3) € ([0,1]*\ Epm.n) such that o or (3 is irrational
and DAy, »»(R) = area(R) is a negligible (relatively to the Lebesgue measure
on the Euclidean space) where for a,b,c,d € R, R = {(z,y,ax + By +7) | a <
x<bandc<y<d}.

Proof. We consider a connected component O of [0,1]? \ E,, ,,. By Theorem 3,
there exist u,v,t € R such that the estimated area of the rectangular planar
region R is DAy, np(R) = (b—a)(d — ¢)(ua + v8 + t) for o or § is irrational.
The exact area of R is area(R) = (b — a)(d — ¢)\/1 + a@? + 2. So we have:
DAy np(R) =area(R) <= (ua+vB+1t)* =1+ a* + 3

Which is equivalent to (u? —1)a? + (v? —1)3? + 2(uwvaf +uta+vtf) +t> —1 =0
But, the last equation corresponds to an object of Lebesgue measure greater
than 0 only when u? —1=0, 1> —1=0,t?—-1=0, wv=0, ut=0and vt =0
which never happens. So, the last equation corresponds to a curve in R? (which
is the intersection of conic and the region O) and thus, for (o, ) € O, the
estimated area can be equal to the exact area for only (a, 3) in a set included
in the intersection of a conic and the region O which corresponds to a negligible
set.

But, [0,1]?\ B, contains only a finite number of connected components. Thus,
the set of (a, 3) € ([0,1]*\ (Eym.n UQ?)) such that the estimated area is equal to
the exact area is a negligible set because it is a finite union of negligible sets O



Corollary 5. For anym,n € N* and any weight function p(.) the set of («, 3) €
[0,1]? such that the rectangular planar region R = {(z,y,ax+ By +7) |a <z <
b and ¢ < y < d} (where v,a,b,¢c,d € R) satisfies area(R) = DAy, np(R)
is a negligible set. So, for any m,n € N* and any weight function p(.), for
all rectangular planar regions R with the parameters o, € [0,1], we have
area(R) # DA, np(R) almost everywhere.

Proof. By Corollary 5, we have, for almost all rectangular planar regions R with
parameters (a, 3) € ([0,1]2\ Emn) area(R) # DAy np(R). But Q? is infinite
countable set and E,,, ,, is a finite set of straight lines. So F,, , UQ? is a negligible
set. So, for all rectangular planar regions R with the parameters «, 5 € [0, 1],
area(R) # DA, np(R) almost everywhere 0O

5 Conclusion

In this paper we have seen that the frequencies of the (m,n)-cubes of digital
planes are given by a continuous piecewise affine function in the slopes of the
digital planes. This has consequences on the combinatorics of (m,n)-cubes, in
particular on the asymptotic behavior of the number of (m,n)-cubes when m
and n tend to infinity.

Moreover it has also consequences on local estimators of area as it permits
to prove that any local estimator of area is never multigrid-convergent: for al-
most all region of plane it does not converge to the true area. This result is a
generalization of a result in dimension two proved in [17]. Actually we can prove
with the same technics that this result is true for the equivalent notions for any
finite dimension.
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