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Abstract

We state in previous paper [3] that the chords’ problem can be solved in polynomial
time. This result is however ambiguous and some people have been abused because
the encoding of the data has not been given. The correctness of the result requires
to specify the encoding of the data that we have used and to highlight the difference
with the usual encoding implicitly considered in Partial Digest Problem.

1 Introduction

We consider the inverse problem of computational geometry known as “Turn-
pike” problem or as “Partial Digest Problem”. We have also called it in [3]
the “chords’ problem”. We state in this paper that the problem can be solved
in polynomial time. This result of [3] is ambiguous because the encoding of
the data has not been given in the paper while several ones can be considered.
The main purpose of this text is to make clear the encoding that we have
considered. It is all the more important that we have not used the encoding
which is usually implicit in the framework of “Partial Digest Problem”. Thus
the “polynomial” algorithm that we have presented in [3] does not solve Par-
tial Digest Problem as usually asked. As far as we know, the question of the
complexity of Partial Digest Problem is still open. Notice that some variants
of the problem are known as NP-hard [2][11].
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2 Problems and encodings

We use a vector a ∈ {0, 1}{0,...,l} for representing any subset of {0, ..., l} and
a vector b ∈ N{0,...,l} for representing a multiset of {0, ..., l}. We consider the
chords’ operator C defined by C(a) = (bk)0≤k≤l where bk = card{i : ai =
ai+k = 1}.
We can consider three problems:

Problem 1 [PEXI]
Input: (bk)0≤k≤l
Output: Answer to the question “does there exist a such that C(a) = b ?”.

Problem 2 [PONE]
Input: (bk)0≤k≤l
Output: one a such that C(a) = b if it exists.

Problem 3 [PALL]
Input: (bk)0≤k≤l
Output: all the a such that C(a) = b.

Four encodings of the input can be considered. We illustrate each encoding
on the instance b = (4, 2, 1, 0, 0, 0, 0, 0, 1, 1, 1) ∈ N0,...,10 corresponding to the
multiset {0, 0, 0, 0, 1, 1, 2, 8, 9, 10} and we use the values B = max{bi}, M =
card{i : bi > 0} to bound the size of the data. Moreover we suppose, without
losing any generality, that bl > 0.

(E1) The integers bi are all-encoded in unary with a special symbol separating
them. As example, the instance b is encoded by [ , , , , 1, 1, 11, 11111111, 111
111111, 1111111111]. The corresponding size S1 satisfies: B+ l+M−2 ≤
S1(b) ≤ MB + n. So a numerical function of b is polynomial if and only
if it is bounded by a polynomial in B, l,M .

(E2) The integers bi are all-encoded in binary with a special symbol separating
them. The instance b is encoded by [100, 10, 1, 0, 0, 0, 0, 0, 1, 1, 1]. The size
S2 satisfies: log2(B)+ l+M−2 ≤ S2(b) ≤M log2(B)+2l. So polynomial
in S2 means polynomial in l,M, logB.

(E3) The integers bi are encoded by the list of the indexes i where i is re-
peated exactly bi times and encoded in binary. The instance b is encoded
by [0, 0, 0, 0, 1, 1, 10, 1000, 1001, 1010]. The size S3 satisfies: 2(M − 1) +
log2(l) + B ≤ S3(b) ≤ MB(log2(l) + 2). So polynomial in S3 means
polynomial in M,B, log l.

(E4) The integers bi are encoded by the list of the (i, bi) with bi > 0 (encoded in
binary). The instance b is encoded by [0, 100|1, 10|10, 1|1000, 1|1001, 1|10
10, 1]. The size S4 satisfies: 2(M − 1) + log2(l) + log2(B) ≤ S4(b) ≤
M(log2(B) + log2(l) + 3). So polynomial in S4 means polynomial in
M, logB, log l.
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Notice that in our paper [3], we mean pseudo-polynomial for “polynomial in
S1” and polynomial for “polynomial in S2”.

3 Known Results

All the algorithms discussed here are based on the factorization of the poly-
nomial P (X) = X l(b0 +

∑l
i=1(bi(X

i + X−i)) which can be done in O(l9+ε +
l7+ε(logB)2+ε)-time (Theorem 3.6 of [9]), so in polynomial time in S2.

In [8] it is shown that the half of the number of non-symmetric factors of
P (X) is bounded by C(l, B) = 1

4 lnλ
ln(((2l + 1))B2)) where λ ≈ 1.325 is the

real root of X3 −X − 1 (equation (11))). As 2C(l,B) is polynomial in S1, this
bound permits to show that PALL can be solved in a polynomial time in S1.
So PEXI, PONE, PALL are polynomial in S1. (see [11])

In Section 5 of [3] we just notice that there is a simple criterion on the factors of
the polynomial P (X) and which complexity is not exponential in the number
of non-symmetric factors. It can be deduced that the complexity of PEXI and
PALL are bounded by the complexity of the factorization of the primitive
polynomials. So PEXI, PONE are polynomial in S2.

But in fact the half of the number of non-symmetric factors of P (X) can be
bounded by 1

2 lnλ
ln(N) ([11, section 2.1,3.1]) where N = card{i : ai 6= 0}

(otherwise there is no solution). As N ≤M , the size of the output of PALL is
polynomial in S4 and the algorithm for PALL described in [8,11] is polynomial
in S2. So PEXI, PONE, PALL are polynomial in S2.

So in fact, Section 5 of [3] did not bring anything new, but when we wrote it,
we did not realize the result of the previous paragraph.

As far as we know, the complexities with encodings E3 and E4 are open. It
seems that they are the encodings of Partial Digest Problem. So the com-
plexity of the Partial Digest Problem remains unknown.

To solve these open problems, factorization of polynomials cannot a priori be
used. First because the size of the factorized form can be exponential in the
size of the original polynomial, and second because just testing irreducibility
of sparse polynomial looks to be a hard problem : a recent paper ([6]) claims
that irreducibility of the rational bivariate polynomials is NP-hard under ran-
domized reduction when an encoding similar to E4 is used.
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4 Example of 2-dimensional convex lattice sets having the same
covariogram

This section contains another independent remark about the chords’ problem.

The authors of [4] have noticed that we have answered in [3] the question of
the existence of different convex lattice sets (different up to translation and
central symmetry) with the same covariogram without providing any example.

In fact we found an example by a systematic search on all the convex sets
included a 4 × 4 square. This example (Fig 1) was symmetric towards π

4
di-

rection and thus congruent according a group of rigid transformations. The
examples given in [4] are not congruent up to any rigid transformation and
thus better than ours.

Fig. 1. A and B are the only convex sets (up to a symmetry) included in a 4x4
square having the same chords set with multiplicities, and such that A 6= −B.

We must notice that now, it is known that such an example does not exist for
“continuous” convex sets which border is regular enough (see [1]).

5 Conclusion

We expect that this addendum will remedy to the lack of precision and the
omissions of [3]. In particular we hope that we have clearly stated that we did
not solve the problem usually known as Partial Digest Problem.
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